MTH 166

Lecture-33

Stokes’ Theorem




Statement:

Let S be a piecewise smooth orientable surface bounded by a piecewise smooth simple
closed curve c traced in a positive direction. Let V be a vector which is continuous and have
continuous first order partial derivatives. Let n is a unit normal vector drawn outward to the

surface S. Then:
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Calculations required to Apply Stokes’ Theorem

Pk
1.Calculate CurlvV = |2 2 29
dx Jdy 0z
Vi V, V3
2. Calculate A = ~L = 974~
Vf| lgrad f|

3. Calculate dA : By taking projection of given surface S

If projection is taken on xy-plane (z=0 plane), then: dA = dzéy
If projection is taken on yz-plane (x=0 plane), then: dA = dryifz
If projection is taken on zx-plane (y=0 plane), then: dA = drff;x

** Stokes’ theorem gives a relationship between line integral and double integral like that of
Green’s Theorem



Problem 1: Evaluate gﬁc V.dr using Stokes’ theorem where V =xi+ yj + zk and
S is the surface bounded by sphere x? + y? + z% = 16.

Solution: Here V = xi + yj + zk

i ]k i 7k

1 curlV =2 2 2|=]2 2 29]=7
dx 0dy 0z dx OJdy 0z
v, V, V| |x v =z

By Stokes’ theorem:
§. V.dr = [, [(CurlV).7idA =0

* * This 1s how an MCQ can be framed on Stokes’ theorem.



Problem 2: Show that gﬁc V.dris always zero ,using Stokes’ theorem where V =
yzi + zxj + xyk and S Is bounded by any closed curve c.

Solution: Here V = yzi + zxj + xyk
iR |t ) R
lLcurlVv =12 2 9|=|o o 2
dx 0y 0z dx O 0z
v, Vv, V| vz zx =xy

=(x—0)i-@-»j+Gz-2k=0
By Stokes’ theorem:
§. V.dr = [, [(CurlV).AidA =0

* * This 1s how an MCQ can be framed on Stokes’ theorem.



Problem 3: Evaluate §. V.dr by Stokes’ theorem where V = (3x — y)i — 2yz2j — 2y2zk and S is
the surface bounded BY sphere x2 + y2 4+ z2 = 16,z > 0.

Solution: Here V :“(BxIE_ Y — Zlyzzj - Zg}zzl?
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1. CurlV = % 3 ol ™ 3 > 07 + 0] + 1k
Vi V, Vil |Bx—y) —2yz? -=2y?z

Curl V =0i + 0] + 1k

2 =L — gradf
Vf|  lgrad f]
Let f =x%+y?+ 2?2 =16 wherez > 0
= fx =2x,f, =2y,f, =2z
Now, Vf = f,i + f,] + fk = 2x0 + 2y] + 2zk




VF _ (2xi+2yj+2zk)

a=Y _
VA  4x2+4y2+422
P 2(xi+yj+zk)  (xi+yj+zk)
2 /x%+yZ+z2 V16
~ i+yj+zk
P (xi y4] zk)

3. To find dA: Let the projection of surface S be taken on xy-plane.(z=0) The sphere
becomes a circle of radius 4, x* + y? + 0% = 16 thatis x* + y* = 16
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dxd dxd
da = =22 = 222
Ak (xi+yj+zk) %
” .

__dxdy
dA = =

4

By Stokes’ Theorem:
§. V.dr=[. [(CurlV).ndA

N N ~ i+yj+zk), dxd

= J, J1(00+ 05 + 1) EERE),
4

= fs f(j) dgy = fS [ dxdy = Area of a circle x? + y% = 16

4

= nr? = n(4%) = 16w Answer.




Problem 4: Evaluate ¢, V.dr by Stokes’ theorem where V = 721 + y2j + x k and S is the
surface bounded by triangle with the vertices (1,0,0), (0,1,0), (0,0,1).

Solution: Here V = z%i + y?j + x k. _
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1. CurlV = % oyl lox 3y oz =0+ (2z—-1)j+ 1k
Vi Vo Vil |z2 y* «x

Curl V=01 + 2z — 1)j + 1k

2 A = Vf _ gradf

Vf|  lgrad f|
Letf=x+y+z=1

=fi=1f=1f=1
Now, Vf = fii+ f,f + fLk=1+]+k




. Vf _ (i+j+k)

!
~ _ (i+j+k)
43
3. To find dA: Let the projection of surface S be taken on xy-plane.(z=0)
z=1—-x—y
__dxdy _ dxdy
aA = Ak (44K o
dxd s
X
dA = =2
V3

By Stokes’ Theorem:

P, I_/)E:=f [(Curl V).adA

= [, [1(0i+ 2z — 1)f + 1k). (‘“3*") dﬁ‘fy

V3




= | f[2<1—x— y) — 1] dxdy

= ! 2(1—x—y)—1]dydx

x=0
= xl O[y 2xXy —y ]y T dx
' (x — x)dx
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Answer
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Problem 5: Evaluate ¢ V.dr by Stokes’ theorem where V = z{ + xj + zk and S is the

portion of the sphere X2 + y? + z? = 9 above xy-plane.

Solution: Here V = zi + xj + zk
tJ k| |t ] k

1L curlV=|2L 2 2|=]9 9 of=0i+1j+1k
dx Jdy 0z dx dy 0z
V1 V2 V3 Z X Z

Curl V =0 + 1] + 1k

~ Vf grad f
2. —_—— ] —
" T T lgrad £l

Let f = x? + y? + z? = 9 above xy-plane.
= fx =2x,f, =2y,f, = 2z
Now, Vf = fii + f,] + fk = 2xi + 2y] + 2zk




. Vf _ (2xi+2yj+2zk)
V| JaxZtay2taz?

ﬁ:__z(xi+yj+zk)___(xi+yj+zk)
_-ZJx2+y2+zz-_ V9

~ i+yj+zk

Tl::(xljg zk)

3. To find dA: Let the projection of surface S be taken on xy-plane.(z=0) The sphere
becomes a circle of radius 4, x? + y? + 0% = 9 that is x* + y* = 3

dxd dxd
dA = 22Y — 24V
n.k (xP+YJ+Zk)R
3 .
__dxdy

dA =

&3]

3



By Stokes’ Theorem:

P, V.dr = . J(Curl V). AdA

N N ~\ (xi+yj+zk), dxd
— f[(01+1]+1k).( » d )] éy
3

_ f(y;rZ) dgy _ fs f(y+Z) dxdy

Z

3

= J f(§+1)dxdy
= [; [Zdxdy + [; [dxdy

dxdy + Area of a circle with radius 3

__ y
o fS f\/9—(x2+y2)
=(Change into polar coordinates) + 7(32)



=(x=rcosf,y=rsinf,0<r<3,0<60<2n)+9n

=fr30f2n rsin 6 rdrd6 + 9

3
=) _ 0\/9—rdr 51n9d9+9n

Simplify it.
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